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Abstract9

We study a parametric version of the Kannan-Lipton Orbit Problem for linear dynamical systems.10

We show decidability in the case of one parameter and Skolem-hardness with two or more parameters.11

More precisely, consider a d-dimensional square matrix M whose entries are algebraic functions in12

one or more real variables. Given initial and target vectors u, v ∈ Qd, the parametric point-to-point13

orbit problem asks whether there exist values of the parameters giving rise to a concrete matrix14

N ∈ Rd×d, and a positive integer n ∈ N, such that Nnu = v.15

We show decidability for the case in which M depends only upon a single parameter, and we16

exhibit a reduction from the well-known Skolem Problem for linear recurrence sequences, suggesting17

intractability in the case of two or more parameters.18
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1 Introduction21

The Orbit Problem for linear dynamical systems asks to decide, given a square matrix22

M ∈ Qd×d and two vectors u, v ∈ Qd, whether there exists a natural number n such that23

Mnu = v. The problem was shown decidable (in polynomial time) by Kannan and Lipton [?]24

over ten years after Harrison first raised the question of decidability [?]. The current paper is25

concerned with a generalisation of the Orbit Problem to parametric linear dynamical systems.26

In general, parametric models address a major drawback in quantitative verification, namely27

the unrealistic assumption that quantitative data in models are known a priori and can28

be specified exactly. In applications of linear dynamical systems to automated verification,29

parameters are used to model partially specified systems (e.g., a faulty component with an30

unknown failure rate, or when transition probabilities are only known up to some bounded31

precision) as well as to model the unknown environment of a system. Interval Markov chains32

can also be considered as a type of parametric linear dynamical system.33

▶ Problem 1 (Parametric Orbit Problem). Given a (d×d)-matrix M , initial and target vectors34

u, v, whose entries are real algebraic functions in ℓ common real variables X = (x1, ..., xℓ),35

does there exist s ∈ Rℓ, i.e., values of the parameters giving rise to a concrete matrix,36

initial and target M(s) ∈ Rd×d, u(s), u(s) ∈ Rd, and a positive integer n ∈ N, such that37

M(s)nu(s) = v(s)?38



2 The Orbit Problem for Parametric Linear Dynamical Systems

We prove two main results in this paper. In the case of a single parameter we show that the39

Parametric Orbit Problem is decidable. On the other hand, we show that the Parametric40

Orbit Problem is at least as hard as the Skolem Problem—a well-known decision problem for41

linear recurrence sequences, whose decidability has remained open for many decades. Our42

reduction establishes intractability in the case of two or more parameters.43

Thus our main decidability result is as follows:44

▶ Theorem 2. Problem 1 is decidable when there is a single parameter (i.e., ℓ = 1).45

Theorem 2 concerns a reachability problem in which the parameters are existentially46

quantified. It would be straightforward to adapt our methods to allow additional constraints47

on the parameter, e.g., requiring that s lie in a certain specified interval. In terms of48

verification, a negative answer to an instance of the above reachability problem could be seen49

as establishing a form of robust safety, i.e., an ‘error state’ is not reachable regardless of the50

value of the unknown parameter.51

The proof of Theorem 2 follows a case distinction based on properties of the eigenvectors52

of the matrix M (whose entries are functions) and the shape of the Jordan normal form J53

of M . Our theorem assumes the entries of the matrix, initial and target are real algebraic54

functions—in particular encompassing polynomial and rational functions. Note that even55

if we were to restrict the entries of M to be polynomials in the parameters, we would still56

require (complex) algebraic functions in the Jordan normal form. We assume a suitable57

effective representation of algebraic functions that supports evaluation at algebraic points,58

computing the range and zeros of the functions, arithmetic operations, and extracting roots59

of polynomials whose coefficients are algebraic functions.60

The most challenging cases arise when J is diagonal. In this situation we can reformulate61

the problem as follows: given algebraic functions λi(x), γi(x) for 1 ≤ i ≤ t, does there exist62

(n, s) ∈ N × R such that63

λn
i (s) = γi(s) for all i = 1, . . . , t? (1)64

A further key distinction in analysing the problem in Equation (1) involves the rank65

of the multiplicative group generated by the functions λ1, . . . , λt. To handle the case that66

the group has rank at least two, a central role is played by the results of Bombieri, Masser,67

and Zannier (see [?, Theorem 2] and [?]) concerning the intersection of a curve in Cm, with68

algebraic subgroups of (C∗)m of dimension at most m− 2. To apply these results we view69

the problem in Equation (1) geometrically in terms of whether a curve70

C = {(λ1(s), . . . , λt(s), γ1(s), . . . , γt(s)) : s ∈ R} ⊆ C2t
71

intersects the multiplicative group72

Gn = {(α1, . . . , αt, β1, . . . , βt) ∈ (C∗)2t : αn
1 = β1 ∧ · · · ∧ αn

t = βt}73

for some n ∈ N. The above-mentioned results of Bombieri, Masser, and Zannier can be used74

to derive an upper bound on n such that C ∩Gn is non-empty under certain conditions on75

the set of multiplicative relations holding among λ1, . . . , λt and γ1, . . . , γt.76

We provide specialised arguments for a number of cases for which the results of Bombieri,77

Masser, and Zannier cannot be applied. In particular, for the case that the multiplicative78

group generated by the functions λ1, . . . , λt has rank one, we provide in Section 6 a direct79

elementary method to find solutions of Equation (1).80

Another main case in the proof is when matrix J has a Jordan block of size at least 2,81

i.e., it is not diagonal (see Section 4.2). The key instrument here is the notion of the Weil82



C. Baier et al. 3

height of an algebraic number together with bounds that relate the height of a number to83

the height of its image under an algebraic function. Using these bounds we obtain an upper84

bound on the n ∈ N such that the equation M(s)nu(s) = v(s) admits a solution s ∈ R.85

Related work86

Reachability problems in (unparametrized) linear dynamical systems have a rich history.87

Answering a question by Harrison [?], Kannan and Lipton [?] showed that the point-to-point88

reachability problem in linear dynamical systems is decidable in PTIME. They also noticed89

that the problem becomes significantly harder if the target is a linear subspace—a problem90

that still remains open, but has been solved for low-dimensional instances [?]. This was91

extended to polytope targets in [?], and later further generalized to polytope initial sets in [?].92

Orbit problems have recently been studied in the setting of rounding functions [?]. In our93

analysis we will make use of a version of the point-to-point reachability problem that allows94

matrix entries to be algebraic numbers. In this case the eigenvalues are again algebraic,95

and decidability follows by exactly the same argument as the rational case (although the96

algorithm is no longer in PTIME), and is also a special case of the main result of [?].97

If the parametric matrix M is the transition matrix of a parametric Markov chain (pMC)98

[?, ?, ?], then our approach combines parameter synthesis with the distribution transformer99

semantics. Parameter synthesis on pMCs asks whether some (or every) parameter setting100

results in a Markov chain satisfying a given specification, expressed, e.g., in PCTL [?]. An101

important problem in this direction is to find parameter settings with prescribed properties102

[?, ?, ?], which has also been studied in the context of model repair [?, ?]. While all103

previous references use the standard path-based semantics of Markov chains, the distribution104

transformer semantics [?, ?, ?] studies the transition behaviour on probability distributions.105

It has, to the best of our knowledge, never been considered for parametric Markov chains.106

Our approach implicitly does this in that it performs parameter synthesis for a reachability107

property in the distribution transformer semantics.108

The Skolem Problem asks whether a linear recurrence sequence (un)n has a zero term109

(n such that un = 0). Phrased in terms of linear dynamical systems, the Skolem Problem110

asks whether a d-dimensional linear dynamical system hits a (d− 1)-dimensional hyperplane,111

and decidability in this setting is known for matrices of dimension at most four [?, ?]. A112

continuous version of the Skolem Problem was examined in [?]. With the longstanding113

intractability of the Skolem Problem in general, it has recently been used as a reference point114

for other decision problems [?, ?, ?].115

Ostafe and Shparlinski [?] consider the Skolem Problem for parametric families of simple116

linear recurrences. More precisely, they consider linear recurrences of the form un =117

a1(x)λ1(x)n + · · · + ak(x)λn
k (x) for rational functions a1, . . . , ak, λ1, . . . , λk with coefficients118

in a number field. They show that the existence of a zero of the sequence (un) can be decided119

for all values of the parameter outside an exceptional set of numbers of bounded height (note120

that any value of the parameter such that the sequence un has a zero is necessarily algebraic).121

2 Preliminaries122

We denote by R,C,Q,Q the real, complex, rational, and algebraic numbers respectively. For a123

field K and a finite set X of variables, K[X] and K(X) respectively denote the ring of polyno-124
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mials and field of rational functions with coefficients in K. A meromorphic function1 f : U →125

C where U is some open subset U ⊆ Cℓ is called algebraic, if P (x1, . . . , xℓ, f(x1, . . . , xℓ)) = 0126

for some P ∈ Q[x1, . . . , xℓ, y]. We say that f is real algebraic if it is real-valued on real inputs.127

128

▶ Definition 3. A parametric Linear Dynamical System (pLDS) of dimension d ∈ N is a129

tuple M = (X,M, u), where X is a finite set of parameters, M is the parametrized matrix130

whose entries are real algebraic functions in parameters X and u is the parametric initial131

distribution whose entries are also real algebraic functions in parameters X.132

Given s ∈ R|X|, we denote by M(s) the matrix Rd×d obtained from M by evaluating133

each function in M at s, provided that this value is well-defined. Likewise we obtain u(s).134

We call (M(s), u(s)) the induced linear dynamical system (LDS). The orbit of the LDS135

(M(s), u(s)) is the set of vectors obtained by repeatedly applying the matrix M(s) to u(s):136

{u(s),M(s)u(s),M(s)2u(s), . . . }. The LDS (M(s), u(s)) reaches a target v(s) if v(s) is in137

the orbit, i.e. there exists n ∈ N such that M(s)nu(s) = v(s).138

We remark that M(s) is undefined whenever any of the entries of M is undefined. For139

any fixed n, the elements of Mn are polynomials in the entries of M , and consequently, Mn
140

is defined on the same domain as M .141

Unless we state that M is a constant function, all matrices should be seen as functions,142

with parameters x1, . . . , x|X|, or simply x if there is a single parameter. The notation s is143

used for a specific instantiation of x. We often omit x when referring to a function, either the144

function is declared constant or when we do not need to make reference to its parameters.145

2.1 Computation with algebraic numbers146

Throughout this note we employ notions from (computational) algebraic geometry and147

algebraic number theory. Our approach relies on transforming the matrices we consider in148

Jordan normal form. Doing so, the coefficients of the computed matrix are not rational149

anymore but algebraic. Next we recall the necessary basics and refer to [?, ?] for more150

background on notions utilised throughout the text.151

The algebraic numbers Q are the complex numbers which can be defined as some root of152

a univariate polynomial in Q[x]. In particular, the rational numbers are algebraic numbers.153

For every α ∈ Q there exists a unique monic univariate polynomial Pα ∈ Q[x] of minimum154

degree for which Pα(α) = 0. We call Pα the minimal polynomial of α. An algebraic number155

α is represented as a tuple (Pα, α
∗, ε), where α∗ = a1 + a2i, a1, a2 ∈ Q, is an approximation156

of α, and ε ∈ Q is sufficiently small such that α is the unique root of Pα within distance ε157

of α∗ (such ε can be computed by the root-separation bound, due to Mignotte [?]). This158

is referred to as the standard or canonical representation of an algebraic number. Given159

canonical representations of two algebraic numbers α and β, one can compute canonical160

representations of α+ β, αβ, and α/β, all in polynomial time.161

▶ Definition 4 (Weil’s absolute logarithmic height). Given an algebraic number α with162

minimal polynomial pα of degree d, consider the polynomial adpα with ad ∈ N minimal163

such that for adpα = adx
d + · · · + a1x+ a0 we have ai ∈ Z and gcd(a1, . . . , ad) = 1. Write164

adpα = ad(x− α(1)) · · · (x− α(d)), where α(1) = α. Define the (Weil) height h(α) of α ̸= 0165

by h(α) = 1
d

(
log ad +

∑d
i=1 log(max{|α(i)|, 1})

)
. By convention h(0) = 0.166

1 A ratio of two holomorphic functions, which are complex-valued functions complex differentiable in
some neighbourhood of every point of the domain.
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For all α, β ∈ Q and n ∈ Z we have from [?, Chapt. 3]:167

1. h(α+ β) ≤ h(α) + h(β) + log 2;168

2. h(αβ) ≤ h(α) + h(β);169

3. h(αn) = |n| · h(α).170

In addition, for α ̸= 0 we have h(α) = 0 if and only if α is a root of unity (α is a root of unity171

if there exists k ∈ N, k ≥ 1, such that αk = 1). Notice that the set of algebraic numbers with172

both height and degree bounded is always finite.173

2.2 Univariate algebraic functions174

Let K be an algebraic extension of a field L such that the characteristic polynomial of175

M ∈ Ld×d splits into linear factors over K. It is well-known that we can factor M over K176

as M = C−1JC for some invertible matrix C ∈ Kd×d and block diagonal Jordan matrix177

J = ⟨J1, . . . , JN ⟩ ∈ Kd×d. Each block Ji associated with some eigenvalue λi, and Jn
i , have178

the following Jordan block form for some k ≥ 1:179

Ji =

 λ 1 0 ··· 0
0 λ 1 ··· 0
...

...
...

. . .
...

0 0 0 ··· 1
0 0 0 ··· λ

 and Jn
i =


λn nλn−1 (n

2)λn−2 ··· ( n
k−1)λn−k+1

0 λn nλn−1 ··· ( n
k−2)λn−k+2

...
...

...
. . .

...
0 0 0 ··· nλn−1

0 0 0 ··· λn

 .180

Furthermore, each eigenvalue λ of M appears in at least one of the Jordan blocks.181

In case L = Q, we may take K to be an algebraic number field. In particular, the182

eigenvalues of a rational matrix are algebraic. However, in this paper, the entries of our183

matrix are algebraic functions, and so too are the entries in Jordan normal form. We recall184

some basics of algebraic geometry and univariate algebraic functions required for the analysis185

in the single-parameter setting, and refer the reader to [?, ?] for further information.186

Let U ⊆ C be a connected open set and f : U → C a meromorphic function. We say that187

f is algebraic over Q(x) if there is a polynomial P (x, y) ∈ Q[x, y] such that P (x, f(x)) = 0188

for all x ∈ U where f is defined. Notice that a univariate algebraic function has finitely many189

zeros and poles, and furthermore, these zeros and poles (or zeros at ∞) are algebraic. Indeed,190

let P (x, y) = ad(x)yd + · · · + a1(x)y + a0(x), with ai ∈ Q[x], be irreducible. Assuming that191

f vanishes at s, we have that a0(s) = 0. There are only finitely many s for which this can192

occur. Furthermore, the function 1/f is meromorphic (on a possibly different domain U)193

and satisfies ydP (x, 1/y) = ad(x) + . . .+ a1(x)yd−1 + a0(x)yd. We conclude that a pole of f194

(a zero of 1/f) is a zero of ad(x).195

Let P (x, y) =
∑d

i=0 ai(x)yi ∈ Q(x)[y]. We say that c ∈ C is a critical point of P if either196

ad(c) = 0 or the resultant Resy(P, ∂P
∂y ) vanishes at c. If P is irreducible, then it has only197

finitely many critical points since the resultant is a univariate non-zero polynomial.198

Let M be a (d × d)-matrix with univariate real algebraic functions as entries. Let its199

characteristic polynomial be P (x, y) := det(Iy−M) and write c1, . . . , cm ∈ C for the critical200

points of the irreducible factors of P . Then there exist a connected open subset U ⊆ C such201

that R \ {c1, . . . , cm} ⊆ U , and d holomorphic functions λ1, . . . , λd : U → C (not necessarily202

distinct) such that the characteristic polynomial P of M factors as203

P (x, y) = (y − λ1(x))(y − λ2(x)) · · · (y − λd(x))204

for all points x ∈ U (see, e.g., [?, Chapt. 1, Thm. 8.9]).205

Let us fix a (d× d)-matrix M and vectors u, v with univariate real algebraic entries. We206

thus have M ∈ Ld×d, u, v ∈ Ld, for some finite field extension L of Q(x). Let K be fixed to207
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an algebraic extension of L such that the characteristic polynomial of M splits into linear208

factors over the field K. Then, over the field K we have the factorisation M = C−1JC with209

J in Jordan form. The eigenvalues of M , denoted λ1, . . . , λk, appear in the diagonal of J .210

Let the set of exceptional points, denoted E , consist of the finite set {c1, . . . , cm}, the poles211

of the entries of M,C,C−1, J, u and v, and points where detC(s) = 0 (i.e., C(s) is singular).212

Consider now a non-constant univariate algebraic function λ not necessarily real. In our213

analysis, we shall need to bound the height h(λ(s)) in terms of h(s), as long as s is not a214

zero or a pole of λ. The following lemma shows h(λ(s)) = Θ(h(s)) (proof in Appendix A):215

▶ Lemma 5. Let λ be a non constant algebraic function in K. Then there exist effective216

constants c1, c2, c3, c4 > 0 such that for algebraic s not a zero or pole of λ we have217

c1h(s) − c2 ≤ h(λ(s)) ≤ c3h(s) + c4.218

2.2.1 Multiplicative relations219

Let Y = {λ1, . . . , λt} ⊂ K be a set of univariate algebraic functions.220

▶ Definition 6. A tuple (a1, . . . , at) ∈ Zt for which λa1
1 · · ·λat

t = 1 identically, is called a221

multiplicative relation. A set of multiplicative relations is called independent if it is Z-linearly222

independent as a subset of Zt. The set Y is said to be multiplicatively dependent if it satisfies223

a non-zero multiplicative relation. Otherwise Y is multiplicatively independent. The rank of224

Y , denoted rank Y , is the size of the largest multiplicatively independent subset of Y .225

A tuple (a1, . . . , at) ∈ Zt, for which there exists c ∈ Q such that λa1
1 · · ·λat

t = c identically,226

is called a multiplicative relation modulo constants. We say that Y is multiplicatively227

dependent modulo constants if it satisfies a non-zero multiplicative relation modulo constants.228

Otherwise Y is multiplicatively independent modulo constants.229

In particular, if rank⟨λ1, . . . , λt⟩ = 1, then for each pair λi, λj , we have λb
i = λa

j for230

some integers a, b not both zero. In the analysis that follows, we only need to distinguish231

between this case and rank⟨λ1, . . . , λt⟩ ≥ 2. We will also need to find multiplicative relations232

modulo constants between algebraic functions. These can be algorithmically determined and233

constructed as a consequence of the following proposition. To this end, let L and L′ ⊆ Zt
234

be the set of multiplicative relations and multiplicative relations modulo constants on Y ,235

respectively. Both L and L′ are finitely generated as subgroups of Zt under vector addition.236

▶ Proposition 7. Given a set Y = {λ1, . . . , λt} of univariate algebraic functions, one can237

compute a generating set for both L and L′.238

Proof. This is essentially a special case of a result from [?]. Indeed, in Sect. 3.2, they show239

how to find the generators of the group L in case the λi are elements of a finitely generated240

field over Q. We apply the result to the field Q(x, λ1, . . . , λt) to obtain the claim for the set241

L. For L′, Case 3 of [?, Sect. 3.2] computes a generating set as an intermediate step in the242

computation of a basis of L. Specifically, L and L′ are the respective kernels of the maps φ243

and φ̃ in [?, Sect. 3.2]. We give an alternative proof sketch specialised to univariate functions244

in Appendix A. ◀245

3 The Multi-Parameter Orbit Problem is Skolem-hard246

The Skolem Problem asks, given a order-k linear recurrence sequence (un)n, uniquely defined247

by a recurrence relation un = a1un−1 + · · · + akun−k for fixed a1, . . . , ak and initial points248

u1, . . . , uk, whether there exists an n such that un = 0. The problem is famously not known249
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to be decidable for orders at least 5, and problems which the Skolem problem reduce to are250

said to be Skolem-hard. We will now reduce the Skolem at order 5 to the two-parameter251

parametric orbit problem.252

It suffices to only consider the instances of Skolem Problem at order 5 of the form253

un = aλn
1 + aλn + bλn

2 + bλn
2 + cρn = 0 with |λ1| = |λ2| ≥ |ρ| and a, b, λ1, λ2 ∈ Q,254

c, ρ ∈ Q ∩ R, as the instances of the Skolem Problem at order 5 that are not of this form255

are known to be decidable [?]. We may assume that c = ρ = 1 by considering the sequence256

(un/cρ
n) if necessary. We can also rewrite un = AReλn

1 +BImλn
1 +CReλn

2 +DImλn
2 + 1 for257

A,B,C,D ∈ Q ∩ R.258

Let un = aλn
1 + aλn

1 + bλn
2 + bλn

2 + 1 = AReλn
1 + BImλn

1 + CReλn
2 + DImλn

2 + 1 be a259

hard instance of the Skolem Problem. Let M = diag
([

Reλ1 −Imλ1
Imλ1 Reλ1

]
,

[
Reλ2 −Imλ2
Imλ2 Reλ2

])
,260

that is, the Real Jordan Normal Form of diag(λ1, λ1, λ2, λ2). We set the starting point to be261

u = [1 1 1 1]⊤ and show how to define parametrized target vectors v1(s, t), . . . , vk(s, t) such262

that for all n, un = 0 if and only if there exist s, t ∈ R such that Mns = vi(s, t) for some i.263

The Skolem Problem at order 5 then reduces to k two-parameter orbit problems.264

The idea of our reduction is to first construct a semiagebraic set Z ⊆ R4, Z =
⋃k

i=1 Zi such265

that un = 0 if and only if (Reλn
1 , Imλn

1 ,Reλn
2 , Imλn

2 ) ∈ Z, and each Zi is a semialgebraic subset266

of R4 that can be described using two parameters and algebraic functions in two variables.267

Observing that Mns = (Reλn
1 − Imλn

1 , Imλn
1 + Reλn

1 , Reλ
n
2 − Imλn

2 , Imλn
2 + Reλn

2 ), we then268

compute vi(s, t) from Zi as follows. Suppose Zi = {(x(s, t), y(s, t), z(s, t), u(s, t) : s, t. ∈ R}.269

Then vi(s, t) = (x(s, t) − y(s, t), y(s, t) + x(s, t), u(s, t) − v(s, t), v(s, t) + u(s, t)).270

To compute Z, first observe that Imλn
2 = ±

√
(Reλn

1 )2 + (Imλn
1 )2 − (Reλn

2 )2 for all n as271

|λ1| = |λ2|. Motivated by this observation, let S+, S− ⊆ R3, S+ = {(x, y, z) : Ax+By+Cz+272

D
√
x2 + y2 − z2 + 1 = 0} and S− = {(x, y, z) : Ax+By + Cz −D

√
x2 + y2 − z2 + 1 = 0}.273

We will choose Z = {(x, y, z,
√
x2 + y2 − z2) : (x, y, z) ∈ S+} ∪ {(x, y, z,−

√
x2 + y2 − z2) :274

(x, y, z) ∈ S−}. It is easy to check that the above definition of Z satisfies the requirement that275

un = 0 if and only if (Reλn
1 , Imλn

1 ,Reλn
2 , Imλn

2 ) ∈ Z, and it remains to show to that both S+276

and S− can be parametrized using algebraic functions in two variables and two parameters.277

To this end, observe that S+ and S− are both semialgebraic subsets of R3, but are also278

contained in the algebraic set S = {(x, y, z) : (Ax+By+Cz+ 1)2 = D2(x2 + y2 − z2)} ⊆ R3.279

Since S ̸= R3 (for example, (0, 0, 0) /∈ S), and it is algebraic, S can have dimension (see280

[?] for a definition) at most 2. Hence S+, S− also have semialgebraic dimension at most 2.281

In Appendix B, we show that a semialgebraic subsets of R3 of dimension at most two can282

be written as a finite union of sets of the form {v(s, t) : s, t ∈ R}, where v is an algebraic283

function. This completes the construction of Z and the description of the reduction.284

4 Single Parameter Reachability: Overview of proof285

In this section we show how to prove Theorem 2, that is, it is decidable, given a (d×d)-matrix286

M , initial and target vectors u, v, whose entries are real algebraic functions all depending on a287

single parameter, whether there exist s ∈ R giving rise to a concrete matrix, initial and target288

M(s) ∈ Rd×d, u(s), u(s) ∈ Rd, and a positive integer n ∈ N, such that M(s)nu(s) = v(s).289

In our case analysis, we often reduce to one of the following two cases, for which decidability290

is apparent:291

▶ Proposition 8.292

Given a finite set S ⊂ R it is decidable if there exists (n, s) ∈ N×S s.t. M(s)nu(s) = v(s).293

Given B ∈ N it is decidable if there exists n ≤ B and s ∈ R s.t. M(s)nu(s) = v(s).294
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Proof. The decidability of the first case is a consequence of the fact that a choice of parameter295

leads to a concrete matrix, thus giving an instance of the non-parametric Orbit Problem.296

In the second case, for fixed n, one can observe that the matrix Mn is itself a matrix297

of real algebraic functions. Hence the equation Mnu = v can be rewritten as equations298

Pi(x) = 0 for real algebraic Pi for i = 1, . . . , d. For each equation the function is either299

identically zero, or vanishes at only finitely many s which can be determined, and one can300

check if there is an s in the intersection of the zero sets as i varies. Repeat for each n ≤ B. ◀301

Observe that either there is some n for which Mnu = v holds, or for each n there is302

a finite number of s such that M(s)nu(s) = v(s). In the latter case, there are at most303

countably many s for which there exists n such that M(s)nu(s) = v(s). Further, all such304

points are algebraic, as they must be the roots of the algebraic functions Pi.305

Our approach will be to place the problem into Jordan normal form (Section 4.1), where306

we will observe that the problem can be handled immediately if the resulting form is not307

diagonal (Section 4.2). In the diagonal case the problem can be reformulated for algebraic308

functions λi, γi for i = 1 . . . , t, whether there exist (n, s) ∈ N × R \ E such that λn
i (s) = γi(s)309

for all i = 1, . . . , t, where E is the finite set of exceptional points which can be handled310

separately (using Proposition 8).311

To show decidability we will distinguish between the case where rank⟨λ1, . . . , λt⟩ is 1 and312

when it is greater than 2 (recall Definition 6). As discussed in the introduction, the most313

intriguing part of our development will be in the case of rank⟨λ1, . . . , λt⟩ ≥ 2, captured in314

the following lemma:315

▶ Lemma 9. Let λ1, . . . , λt be algebraic functions in K and rank⟨λ1, . . . , λt⟩ ≥ 2. Given316

algebraic functions γ1, . . . , γt in K, then it is decidable whether there exist (n, s) ∈ N × R \ E317

such that318

λi(s)n = γi(s) for all i = 1, . . . , t. (2)319

It will then remain to prove the lemma for the case where the rank is 1. Here we will320

exploit the initial use of real algebraic functions, to ensure the presence of complex conjugates.321

▶ Lemma 10. Let λ1, . . . , λt be algebraic functions in K and rank⟨λ1, . . . , λt⟩ = 1. We322

assume that, if λi is complex then λi (the complex conjugate) also appears. Given algebraic323

functions γ1, . . . , γt in K, then it is decidable whether there exist (n, s) ∈ N × R \ E such that324

λn
i (s) = γi(s) for all i = 1, . . . , t.325

In the remainder of this section we will show how to place the problem in the form of326

these two lemmas: first placing the matrix into Jordan normal form, eliminating the cases327

where the Jordan form is not diagonal and provide some simplifying assumptions. We then328

prove Lemmas 9 and 10 in Sections 5 and 6 respectively.329

4.1 The parametric Jordan normal form330

For every s ∈ R\E we have M(s) = C−1(s)J(s)C(s) and hence, for every n ∈ N, Mn(s)u(s) =331

v(s) if and only if Jn(s)C(s)u(s) = C(s)v(s). On the other hand, deciding whether there332

exists s ∈ E with Mn(s)u(s) = v(s) reduces to finitely many instances of the Kannan-Lipton333

Orbit Problem, which can be decided separately. We have thus reduced the parametric334

point-to-point reachability problem to the following one in case of a single parameter:335

▶ Problem 11. Given a matrix J ∈ Kd×d in Jordan normal form, and vectors ũ, ṽ ∈ Kd,336

decide whether there exists (n, s) ∈ N × R \ E such that Jn(s)ũ(s) = ṽ(s).337
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▶ Example 12. Define M =
(

x+ 1
2 0 0

1
2 −x 1−x 0

0 x 1

)
∈ Q(x)3×3. Then the characteristic polynomial338

of M is det(yI−M) = (y−1/2−x)(y−1)(y+x−1). The irreducible factors have no critical339

points. Now over K we may write M = C−1JC, where J =
(

1 0 0
0 1−x 0
0 0 x+ 1

2

)
, C =

( 1 1 1
1−2x
4x−1 −1 0

2x
1−4x 0 0

)
,340

and C−1 =
(

0 0 1
2x −2

0 −1 1− 1
2x

1 1 1

)
. Notice that J is defined for all x, while C is not defined at 1/4,341

and C−1 is not defined at 0 (notice also that C(0) is not invertible). Therefore E = {0, 1/4}.342

For s ∈ R\E , all three are defined and we have M(s) = C−1(s)J(s)C(s), with J(s) in Jordan343

normal form and C(s) invertible.344

Notice, for 1/4 ∈ E , we have M(1/4) = R−1KR, where K =
( 1 0 0

0 3
4 1

0 0 3
4

)
and R =345 (

1 1 1
−1 −1 0
− 1

4 0 0

)
. Notice here that M(1/4) is non-diagonalisable (over Q), though M is (over K).346

Let u = (u1, u2, u3) ∈ Q(x)3 and v = (v1, v2, v3) ∈ Q(x)3. The problem of whether347

there exists (n, s) ∈ N × R for which M(s)nu(s) = v(s) is reduced to checking the problem348

at s ∈ E , and to the associated problem Jn(s)ũ(s) = ṽ(s), where ũ =
(

u1+u2+u3
1−2x
4x−1 u1−u2

2x
1−4x u1

)
,349

ṽ =
(

v1+v2+v3
1−2x
4x−1 v1−v2

2x
1−4x v1

)
, and Jn =

( 1 0 0
0 (1−x)n 0
0 0 (x+ 1

2 )n

)
.350

Let us establish some notation: assume J = ⟨J1, . . . , JN ⟩, corresponding to eigenvalues351

λ1, . . . , λN . Assume the dimension of Jordan block Ji is di, and let ũi,1, . . . , ũi,di
be the352

coordinates of ũ associated with the Jordan block Ji, where index 1 corresponds to the353

bottom of the block. Similarly, let ṽi,1, . . . , ṽi,di
be the corresponding entries of the target.354

Let us define the functions γ1, . . . , γN used in our reduction to Lemma 9 and Lemma 10.355

We let γi(s) = ṽi,1(s)/ũi,1(s), for ũi,1(s) ̸= 0. If ũi,1 is not constant zero, then there are356

finitely many s where ũi,1(s) = 0, each of which can be handled explicitly. If some ũi,1 is the357

constant zero function, then there are two cases. Firstly, if ṽi,1 is also the constant zero then358

we are in the degenerate case λn
i · 0 = 0, and the row can be ignored. Secondly if ṽi,1 is not359

constant zero, then there are only a finite number of s s.t. 0 = ṽi,1(s). Each of these can be360

checked explicitly.361

We say that an eigenvalue λ ∈ K (possibly constant) is a generalised root of unity if there362

exists an a ∈ N≥1, such that λa(x) is a real-valued and non-negative function. Let order(λ)363

of a generalised root of unity λ be the minimal such a. Notice that any real function is a364

generalised root of unity with order at most 2. When we say an eigenvalue is a root of unity,365

then the eigenvalue is necessarily a constant function.366

▶ Lemma 13. To decide Problem 11 it suffices to assume that no λi is identically zero and367

that any λi which is a generalised root of unity is real and non-negative (in particular, the368

only roots of unity are exactly 1).369

Proof. If λi = 0, then Jdi+n
i = 0 for all n ∈ N, hence we only need to check n ≤ di and370

the s such that ṽi,1(s) = · · · = ṽi,di(s) = 0 (unless this holds identically, in which case the371

constraints from this Jordan block can be removed).372

Take L = lcm{order(λi) | λi is generalised root of unity}. Then the reachability problem373

reduces to L problems: (JL)n(Jkũ(x)) = ṽ(x) for every k ∈ {0, . . . , L− 1}. The eigenvalue374

λL
i corresponding to (Ji)L is now real and non-negative if it is a generalised root of unity. ◀375
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4.2 Jordan cells of dimension larger than 1376

First, we show decidability of the problem when some Jordan block has dimension at least 2:377

▶ Proposition 14. If there exists Ji such that di > 1, then Problem 11 is decidable.378

There are three cases not covered by the previous section: λi is not constant, λi is379

constant but not a root of unity, and λi = 1.380

Let us start with the case where λi ̸= 1, that is λi is a constant but not 1, or λi is not a381

constant. Here we can use the bottom two rows from the block to obtain:382

λn
i (x)ũi,1(x) = ṽi,1(x) and λn

i (x)ũi,2(x) + nλn−1
i (x)ũi,1(x) = ṽi,2(x),383

We reformulate these equations, defining algebraic function θ:384

λn
i (x) = γi(x) = ṽi,1(x)/ũi,1(x) and n = θ(x) = λi(x)(ṽi,2(x)/ṽi,1(x)−ũi,2(x)/ũi,1(x))385

Any roots or poles of ũi,1, ũi,2, ṽi,1, ṽi,2, λi can be handled manually (and we already ensured386

ũi,1 is not identically zero). We can then apply the following lemma.387

▶ Lemma 15. Given algebraic functions λ, γ, θ in parameter x, with λ not a root of unity,388

then there is a bound on n ∈ N such that there exists an s ∈ Q with n = θ(s) and λn(s) = γ(s).389

Proof sketch. We sketch the case where λ is not a constant function, a similar (but distinct)390

approach is used for λ constant. Taking heights on λn(s) = γ(s) we obtain nh(λ(s)) = h(γ(s)),391

applying Lemma 5 twice (on both λ and γ) we obtain nh(s) = Θ(h(s)). In particular if n is392

large (say n > A) then h(s) is bounded (say h(s) < B). Taking heights on n = θ(s) we obtain393

log(n) = h(θ(s)) = Θ(h(s)). If n > A then log(n) ≤ BC. Hence n ≤ max{A, exp(BC)}. ◀394

The remaining case where λi = 1 results only in an equation of the form n = θ(s), so395

λn
j (s) = γj(s) can be taken from any other Jordan block where λj ̸= 1 and again we apply396

Lemma 15 to place a bound on n.397

4.3 Further simplifying assumptions for diagonal matrices398

Henceforth, we may assume that J is a diagonal matrix resulting in the formulation of399

Lemmas 9 and 10: given eigenvalues λ1, . . . , λt and so we want to know if there exists400

(n, s) ∈ N \ E such that401

λn
i (s) = γi(s) for all i = 1, . . . , t (3)402

Finally we make some simplifications in Lemma 16:403

▶ Lemma 16. To decide Problem 11, it suffices to decide the problem with instances where404

the eigenvalues λi are distinct, that none of the λi’s are identically zero, that none of the405

constant λi’s are roots of unity, and every constant λi is associated with non-constant γi.406

Proof. Consider first the case that λ1 = λ2. If also γ1 = γ2 then the equations λn
1 = γ1 and407

λn
2 = γ2 are equivalent and one of them can be removed. Otherwise, if γ1 ̸= γ2, the equations408

λn
1 = γ1 and λn

2 = γ2 can only have a common solution for s ∈ R with γ1(s) = γ2(s), i.e., we409

can restrict to a finite set of parameters, in which case the problem becomes decidable.410

We have already established, in Lemma 13, that none of the λi’s are identically zero, and411

that the only constant root of unity is 1. Indeed if λj = 1 then we have 1n = γj(s), which412

holds either at finitely many s or γj is the constant 1 and the constraint can be dropped.413

If there exists i with constant λi (not a root of unity) and constant γi then there is at414

most a single n such that λn
i = γi. This n can be found using the Kannan-Lipton problem on415

the single constraint. The remaining constraints can be verified for this n using Proposition 8416

to determine if they are simultaneously satisfiable. ◀417



C. Baier et al. 11

4.4 Multiplicative dependencies418

To handle cases when the eigenvalues λi’s are multiplicatively dependent, we often argue as419

in the following manner. Say λa1
1 = λa2

2 · · ·λat
t with a1 ̸= 0. Consider the system420

λai
i (s)n = γai

i (s) for all i = 1, . . . , t. (4)421

It is clear that the set E of solutions (n, s) to (3) is a subset of the set E′ of solutions to (4).422

Furthermore, for (n, s) ∈ E′ we have γa1
1 (s) = λa1n

1 (s) = (λa2
2 · · ·λat

t )n(s) = γa2
2 · · · γat

t (s).423

We conclude that if γa1
1 ̸= γa2

2 · · · γat
t , then there can only be finitely many s solving (4),424

and the problem becomes decidable. In case γa1
1 = γa2

2 · · · γat
t , the first equation in (4) is425

redundant, and we may remove it. By repeating the process we obtain a system of the form426

(4) where the λi are multiplicatively independent, and the solutions to it contain all the427

solutions to the original system.428

Now we face the problem of separating solutions to (3) from the solutions to (4). If either429

of the sets {n : (n, s) ∈ E′} or {s : (n, s) ∈ E′} is finite and effectively enumerable, we can430

clearly decide whether E is empty or not, utilising either Kannan–Lipton or Proposition 8431

finitely many times. This happens in the majority of cases. In the case that both the above432

sets are unbounded, we bound the suitable n in case rank{λ1, . . . , λt} ≥ 2 in Section 5. For433

the case of rank{λ1, . . . , λt} ≤ 1 we give a separate argument in Section 6.434

5 The case of rank⟨λ1, . . . , λt⟩ ≥ 2435

In this section we recall and prove the following Lemma 9:436

▶ Lemma 9. Let λ1, . . . , λt be algebraic functions in K and rank⟨λ1, . . . , λt⟩ ≥ 2. Given437

algebraic functions γ1, . . . , γt in K, then it is decidable whether there exist (n, s) ∈ N × R \ E438

such that439

λi(s)n = γi(s) for all i = 1, . . . , t. (2)440

By Lemma 16 we may assume that none of λi’s are identically zero or a root of unity.441

5.1 All λi’s constant442

In this section we sketch the proof for the case where λi’s are all constant (the full argument443

can be found in Appendix D). We reduce to a special case of the Skolem problem, but show444

that this particular instance is decidable. Since rank ≥ 2, we have at least two constraints445

and so there are constants λ1 and λ2, not roots of unity, and multiplicatively independent,446

with γ1, γ2 not constant.447

▶ Lemma 17. Suppose λ1, λ2 are constant, not roots of unity, multiplicatively independent,448

and that γ1, γ2 are non-constant functions. Then the system λn
1 = γ1(s), λn

2 = γ2(s) has only449

finitely many solutions.450

Proof Sketch. Let the minimal polynomials over Q[x, y] of γ1 and γ2 be P1 and P2 with451

Pi ∈ Q[x, yi]. The polynomials P1 and P2 have no common factors as elements of Q[x, y1, y2].452

Eliminating x from these polynomials we get a non-zero polynomial P ∈ Q[y1, y2] for which453

P (α1, α2) = 0 for all α1 = γ1(s) and α2 = γ2(s), s ∈ U . The sequence (un)∞
n=0, with454

un = P (λn
1 , λ

n
2 ) =

∑
k,ℓ

ak,ℓ(λk
1λ

ℓ
2)n,455
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ak,ℓ ∈ Q, is a linear recurrence sequence over Q, and we wish to characterise those n for456

which un = 0. By the famous Skolem–Mahler–Lech theorem (see, e.g., [?]), the set of such457

n is the union of a finite set and finitely many arithmetic progressions. Furthermore, it is458

decidable whether such a sequence admits infinitely many elements, and all the arithmetic459

progressions can be effectively constructed [?]. But, in general, the elements of the finite set460

are not known to be effectively enumerable—solving the Skolem problem for arbitrary LRS461

essentially reduces to checking whether this finite set is empty. However, the case at hand462

can be handled using now standard techniques involving powerful results from transcendental463

number theory, such as Baker’s theorem for linear forms in logarithms, and similar results464

on linear forms in p-adic logarithms (see, e.g., [?, ?] ). We show there exists an effectively465

computable n0 ∈ N such that un ≠ 0 for all n ≥ n0 in Appendix D.1. We give a brief sketch:466

Assuming first that |λ1| and |λ2| are multiplicatively independent, it is evident that the467

modulus of un grows as cαn + o(αn) for some c ∈ R+, where α is the maximal modulus468

of the terms λk
1λ

ℓ
2 (there is only one term with this modulus). One can straightforwardly469

compute an upper bound on any n for which un = 0.470

If the values |λ1| and |λ2| are multiplicatively dependent but neither is of modulus 1, we471

may again use an asymptotic argument. For this, we need Baker’s theorem on linear forms472

in logarithms to show that a (related) sequence grows in modulus as cαn/nD + o(βn), with473

β < α and effectively computable constants c, D. On the other hand, if |λi| = 1 but λ1 is an474

algebraic integer (a root of a monic polynomial with coefficients in Z), then it will have a475

Galois conjugate (roots of the minimal polynomial of λ1) λ̃1 with |λ̃1| > 1. Hence a suitable476

Galois conjugate of the sequence (un) will be of the form considered in the previous case,477

and the zeros of (un) and (ũn) coincide. The asymptotic argument can be applied to (ũn).478

The final case is when λ1 and λ2 are not algebraic integers. We turn to the theory of479

prime ideal decompositions of the numbers λ and argue, employing a version of Baker’s480

theorem for p-adic valuations (see, e.g., [?]) to conclude similarly that the n for which un = 0481

are effectively bounded above. ◀482

5.2 At least one non-constant483

Henceforth, we can assume that at least one λi is non-constant. We may take the λi’s to be484

multiplicatively independent with t ≥ 2, otherwise consider a multiplicatively independent485

subset of the functions: it always has at least two elements by the assumption on rank, and,486

furthermore, at least one of them is not constant. The removal of equations will be done as487

described in Section 4.4; here we show that there are only finitely many n giving solutions488

(n, s) to the reduced system, so we need not worry about creating too many new solutions.489

The following theorems are the main technical results from the literature utilised in the490

arguments that follow, formulated in a way to suit our needs. Here C(Q) denotes the set of491

algebraic points in Qd on an algebraic set C ⊆ Cd.492

▶ Theorem 18 ([?, Theorem 2]). Let C be an absolutely irreducible (irreducible in Q(x)) curve493

defined over Q in Cd. Assume that the coordinates of the curve are multiplicatively independent494

modulo constants (i.e., the points (x1, . . . , xd) ∈ C(Q) do not satisfy xa1
1 · · ·xad

d = c identically495

for any (a1, . . . , ad) ∈ Zd \ 0⃗, c ∈ Q). Then the points (x1, . . . , xd) ∈ C(Q) for which x1, . . . ,496

xd satisfy at least two independent multiplicative relations form a finite set.497

We note that given the curve C, the finite set of points (x1, . . . , xd) on C for which x1, . . . , xd,498

satisfy at least two independent multiplicative relations can be effectively constructed. Indeed,499

this is explicitly mentioned in the last paragraph of the introduction of [?]: the proof goes by500

showing an effective bound on the degree and height of such points.501



C. Baier et al. 13

Theorem 18 holds for curves in Cd for arbitrary d. If one allows the coordinates on the502

curve to satisfy a non-trivial multiplicative relation, then there can be infinitely many such503

points [?]. On the other hand, in [?] Bombieri, Masser, and Zannier consider relaxing the504

assumption of multiplicative independence modulo constants to multiplicative independence505

and conjecture that the conclusion of the above theorem still holds [?, Conj. A]. Supporting506

the conjecture, [?] proves a theorem which will suffice for us.507

▶ Theorem 19. Let C be an absolutely irreducible curve in Cd defined over Q. Assume that508

the the coordinates of the curve are multiplicatively independent, but C is contained in a set509

of the form b⃗H, where H is the set of points in Qd satisfying at least d − 3 independent510

multiplicative relations2. Then the points (x1, . . . , xd) ∈ C(Q) for which x1, . . . , xd satisfy at511

least two independent multiplicative relations form a finite set.512

Again the finite set of points can be effectively computed.3513

Let us proceed case by case. The proof of the following case is in Appendix D.2.514

▶ Lemma 20. Assume that {λ1, . . . , λt} is multiplicatively dependent modulo constants, but515

is multiplicatively independent. Then there exists a computable constant n0 such that system516

(2) admits no solutions for n > n0.517

We may now focus on sets {λ1, . . . , λt} that are multiplicatively independent modulo518

constants. We still might have multiplicative dependencies between the λi and γi. We take519

care of these cases in the remainder of this section.520

▶ Lemma 21. Assume that {λ1, λ2, γ1, γ2} is multiplicatively independent. Then system (2)521

admits only finitely many solutions, all of which can be effectively enumerated.522

Proof. We show that the set of s for which the equality can hold is finite and such s can be523

computed. We employ the powerful Theorems 18 and 19 of Bombieri, Masser, and Zannier,524

from which the claim is immediate. We first prime the situation as follows.525

Let that λ1, λ2, γ1, γ2 have minimal polynomials P1 ∈ Q[x, x1], P2 ∈ Q[x, x2], P3 ∈526

Q[x, x3], P4 ∈ Q[x, x4], respectively. Eliminating x from P1 and P2 (resp., P3, P4), we527

get a polynomial Q1 ∈ Q[x1, x2] (resp., Q2 ∈ Q[x1, x3], Q3 ∈ Q[x1, x4]) for which we have528

Q1(λ1(x), λ2(x)) = 0 (resp., Q2(λ1(x), γ1(x)) = 0, Q3(λ1(x), γ2(x)) = 0) for all x. Let C be529

the curve defined by C := {(x1, x2, x3, x4) ∈ C4 : Q1(x1, x2) = Q2(x1, x3) = Q3(x1, x4) = 0}530

and consider any of its finitely many absolutely irreducible components C′. We are now531

interested in the pairs of multiplicative relations (n, 0,−1, 0) and (0, n, 0,−1) (corresponding532

to xn
1 = x3, xn

2 = x4), for n ≥ 1, along the curve C′. Notice that for any fixed n, these two533

relations are independent in Q4, i.e., neither is a consequence of the other, as they involve534

disjoint sets of coordinates.535

First assume that λ1, λ2, γ1, γ2 are multiplicatively independent modulo constants. Then536

so is the curve C′, and the result follows from Theorem 18 as the result is constructive.537

Otherwise λ1, λ2, γ1, γ2 are multiplicatively dependent modulo constants but are multi-538

plicatively independent. Then the points of the curve C′ satsify a multiplicative relation539

modulo constants (a1, . . . , at), say xa1
1 xa2

2 xa3
3 xa4

4 = c identically with c ∈ Q not a root of540

unity (again, the functions would be multiplicatively dependent were c a root of unity).541

2 With b = (b1, . . . , bk), here b⃗H = {(b1x1, . . . , bdxd) : (x1, . . . , xk) ∈ H} is a coset of a subgroup of
dimension at most 3 in the terminology of [?].

3 In [?, ?] the proof is given for d ≥ 4, and is constructive, while the case of d = 3 is attributed to a
(non-constructive) result of Liardet [?]. A completely effective proof of the case can be found in [?].
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Applying Theorem 19 with d = 4, the points on C′ satisfying xn
1 = x3 and xn

2 = x4 for any542

n ≥ 1, form an effectively constructable finite set. ◀543

To complete the proof of Lemma 9, we need to show the claim holds when λ1, λ2, γ1, γ2544

are multiplicatively dependent, while λ1 and λ2 are multiplicatively independent modulo545

constants. The proof goes along the same lines as in the above with some extra technicalities.546

We give the detailed proof in Appendix D.2.547

6 The case of rank⟨λ1, . . . , λt⟩ = 1548

This section recalls and sketches the proof of Lemma 10, with full proofs found in Appendix E.549

▶ Lemma 10. Let λ1, . . . , λt be algebraic functions in K and rank⟨λ1, . . . , λt⟩ = 1. We550

assume that, if λi is complex then λi (the complex conjugate) also appears. Given algebraic551

functions γ1, . . . , γt in K, then it is decidable whether there exist (n, s) ∈ N × R \ E such that552

λn
i (s) = γi(s) for all i = 1, . . . , t.553

As sketched in Section 4.4, since there is a multiplicative dependence between functions,554

we first show that, without loss of generality, there is a single equation λn(s) = γ(s).555

▶ Lemma 22. Suppose rank⟨λ1, . . . , λt⟩ = 1, then whether there is a solution (n, s) ∈ N×R\E556

to λn
i (s) = γi(s) for all i = 1, . . . , t reduces to instances with t = 1.557

We then separate into the case where λ is real and the case where λ is complex. Let us558

start by assuming λ is a real function.559

▶ Lemma 23. Given real algebraic functions λ and γ, it is decidable whether there exists560

(n, s) ∈ N × R \ E such that λn(s) = γ(s).561

Proof Sketch. The interesting case occurs on an interval S = (s0, s1) on which 0 <562

λ(s), γ(s) < 1 for s ∈ S. Other cases either reduce to this case, or occur for finitely563

many s which can be checked independently. The function γ(s) is fixed between s0, s1. Each564

point λ(s)n decreases with every n. One can test for each n whether the lines λ(s) and γ(s)565

intersect, or one can find some bound n0 after which λ(s)n < γ(s) for all s ∈ S and n > n0,566

so one can be sure there is no solution. ◀567

Secondly, we consider the case λ takes on complex values. In this case, since λi was a568

complex eigenvalue of M , then so too is its conjugate λi, yet λi and λi are multiplicatively569

dependent, in which case it turns out that |λ| = 1.570

▶ Lemma 24. Let λ and γ be algebraic functions. Assume λ is not real, non-zero, not a root571

of unity, and of modulus 1. The equation λ(s)n = γ(s) admits solutions as follows. If γ is not572

of modulus 1 constantly, then there are finitely many s. If γ is of modulus 1 identically and573

λ is constant, then there are infinitely many solutions and such a solution can be effectively574

found. Finally, if λ is not constant, then the equation admits a solution for all n ≥ n0, and575

n0 is computable.576

Proof Sketch. The interesting case turns outs to be when λ and γ both define arcs on a577

unit circle. By taking powers of λ the arc grows, and eventually encompasses the arc defined578

by γ. The intermediate value theorem then implies there is an s satisfying λn(s) = γ(s). ◀579
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A Additional Material for Section 2580

▶ Proposition 7. Given a set Y = {λ1, . . . , λt} of univariate algebraic functions, one can581

compute a generating set for both L and L′.582

Proof sketch. An algebraic function λ can be expressed as a converging Puiseux series583

λ(x) =
∑∞

n=n0
cn(x−α)n/ degy(Pλ) for some cn ∈ Q, cn0 ̸= 0, and n0 ∈ Z, around a point α ∈584

Q (see [?, Chapt. 1.8.13], [?]). Evidently any α ∈ Q has order ordλ(α) = n0/ degy(Pλ) ∈ Q,585

i.e., the exponent of the first term in the Puiseux series. Let α1, . . . , αk be the roots and poles586

of the λi. With each λi we associate the vector gi = (ordλi(αj))k
j=1. Now

∑k
i=1 aigi = 0⃗587

implies that the function λa1
1 · · ·λat

t has no roots or poles, hence is constant by Bezout’s588

theorem. Compute a basis for ker((gi,j)t,k
i=1,j=1) ∩ Zk ([?, Cor. 5.3c]) for the claim on L′. As589

L′ is finitely generated, L can be seen as the set of multiplicative relations of a finite set of590

algebraic numbers. A generating set for L can be found utilising a deep result of Masser [?]591

([?, ?]). ◀592

▶ Lemma 5. Let λ be a non constant algebraic function in K. Then there exist effective593

constants c1, c2, c3, c4 > 0 such that for algebraic s not a zero or pole of λ we have594

c1h(s) − c2 ≤ h(λ(s)) ≤ c3h(s) + c4.595

Proof. To this end, let P ∈ Q[x, y] be irreducible, with dx the maximal degree of x, and596

dy that of y, and assume dx, dy ≥ 1. Let P (α, β) = 0 with algebraic α, β. It is known that597

there exists a constant CP depending on P such that598 ∣∣∣∣h(α)
dy

− h(β)
dx

∣∣∣∣ ≤ CP

√
max

{
h(α)
dy

,
h(β)
dx

}
.599

For example, the main result of [?] shows that600

CP = 5
(

log
(

2min{dx,dy}(dx + 1)(dy + 1)
)

+ hp(P )
)1/2

601

suffices4, and hence an upper bound for CP is computable, given P .602

Now let P be the minimal polynomial of λ. We have for all admissible s: P (s, λ(s)) = 0.603

Since λ is not constant, we have that the polynomial contains both x and y, and we may604

apply the above to get605 ∣∣∣∣h(s)
dy

− h(λ(s))
dx

∣∣∣∣ ≤ CP

√
max{h(s)/dy, h(λ(s))/dx}.606

By taking c1 = dx/(2dy), c3 = 2dx/dy and c2 = c4 = 4C2
P max{dx, dy}, we have607

c1h(s) − c2 ≤ h(λ(s)) ≤ c3h(s) + c4. ◀608

B Additional Material for Section 3609

In this section we show that each semialgebraic S ⊆ R3 can be written as a finite union of610

sets of the form {v(s, t) : s, t ∈ R}.611

4 Here hp(P ) is the height of the polynomial P (see [?, Equation (4)]). For us it suffices to know that
hp(P ) is at most the sum of the heights of the non-zero coefficients of the polynomial.
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One way to define dimension of a semialgebraic set is using cell decomposition. We612

have that a semialgebraic set S ⊆ R3 of dimension 2 can be written as a finite union of613

2-cells and 1-cells in R3, and that a d-cell is semialgebraically homeomorphic to the open614

hypercube (0, 1)d [?]. Hence to show our main result it suffices to show how to write C ⊆ R3,615

C = f((0, 1)d) where f is a semialgebraic function, as a union of sets parametrised using two616

parameters and algebraic functions in two variables.617

First, let us consider parametrisation of very simple sets in R. Observe that a point618

p ∈ Q can be characterised using the algebraic function f(s) = p, the interval (0, 1] as619

{ 1
1+s2 : s ∈ R} and the interval (0,∞) as { 1

s2 : s ∈ R}. We can characterise other intervals620

using these characterisations. For example, (a, b] = {a+ b−a
1+s2 }, [b, a) = {a− a−b

1+s2 : s ∈ R}621

and an open interval (a, b) can be written as (a, b) = (a, a+b
2 ] ∪ [ a+b

2 , b).622

Next, a couple of useful lemmas.623

▶ Lemma 25. Let g : R 7→ R be a semialgebraic function. The graph G = {(x, g(x) : x ∈ R}624

can be written as a union of sets of the form {v(s) : s ∈ R}.625

Proof. By definition, the function g is semialgebraic if and only if its graph G is a semial-626

gebraic subset of R2. Let p1(x, y) = 0, q1(x, y) > 0, . . . , qm(x, y) > 0 be the constraints that627

define G (recall that one can define a semialgebraic set using only one equality constraint).628

Viewing p1, q1, . . . , qm as polynomials in y, we can factorise629 
p1(x, y) = (y − h0

1(x)) · . . . · (y − h0
κ(0)(x)) = 0

q1(x, y) = (y − h1
1(x)) · . . . · (y − h1

κ(1)(x)) > 0
· · ·
qm(x, y) = (y − hm

1 (x)) · . . . · (y − hm
κ(m)(x)) > 0

630

where hi
r is an algebraic function for every 0 ≤ i ≤ m and 1 ≤ r ≤ κ(i). Next we will show631

how to compute κ(0) subsets I1, . . . , Iκ(0) of R that have the following properties.632

1.
⋃κ(0)

j=1 Ij = R;633

2. Each Ij is a finite union of intervals;634

3. For 1 ≤ j ≤ κ(0), the value of y for each x ∈ Ij is equal to h0
j (x), the jth root of p1.635

This will allow us to write636

G =
κ(0)⋃
j=1

{(x, h0
j (x)) : x ∈ Ij}.637

Recall that each Ij is a finite union of intervals, each of which can be parametrised by an638

algebraic function with domain R. Since composition of two algebraic functions remains639

algebraic, we can characterise each component of G that comes from a single subinterval of640

Ij using an algebraic function with domain R. Hence we can write G as a union of sets with641

the desired parametrization.642

To construct Ij , we proceed as follows. From Condition 3 above, Ij = {x : (x, h0
j (x)) ∈ G}643

and hence can be defined by the formula644

φ(s) = p1(x, h0
j (x)) = 0 ∧ q1(x, h0

j (x)) > 0 ∧ · · · ∧ qm(x, h0
j (x)) > 0.645

Hence Ij is semialgebraic. Since semialgebraic sets have finitely many connected components,646

Ij must be a finite union of interval subsets of R. ◀647
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▶ Lemma 26. Let D ⊆ R2 be semialgebraic. D can be written as648

D =
k⋃

i=1
Di =

k⋃
i=1

{vi(s, t) : s, t ∈ R}649

where for each i, vi is algebraic over Q(s, t).650

Proof. By cell decomposition, D must be a union of651

1. points,652

2. sets of the form {(x, g(x)) : x ∈ (a, b)} where g : R → R is semialgebraic, and653

3. sets of the form {(x, y) : x ∈ (a, b), g(x) < y < h(x)} where g, h are semialgebraic.654

Sets of the last kind are bands between the graphs of g and h over the open interval655

(a, b). We need to show that sets of each kind can be parametrized using two parameters656

and algebraic functions in two variables. The first two cases are handled by the preceding657

arguments. For the third case, let (a, b), the graph of G and the graph of H be parametrized658

by the one-variable algebraic functions v1, v2 and v3, respectively. Then the sets of the659

third type can be written as {(v1(s), v′(s, t)) : s, t ∈ R} where v′(s, t) parametrizes the open660

interval (g(s), h(s)) based on the discussion above about parametrizing intervals in R. ◀661

Finally, we are ready to prove our main result. Let C ⊆ R3, C = f((0, 1)2) where f is a662

semialgebraic function. Let (u, v) denote a point in (0, 1)2 and x(u, v), y(u, v), z(u, v) denote663

the semialgebraic functions that give us the x, y, z coordinates of the point f(u, v), respectively.664

To parametrize C, it suffices to parametrize the graphs of the functions x(u, v), y(u, v), z(u, v).665

Wlog consider X = {(u, v, x(u, v) : (u, v) ∈ (0, 1)2}, i.e. the graph of the function x(u, v).666

Let p1(x1, x2, x3) = 0, q1(x1, x2, x3) > 0, . . . , qm(x1, x2, x3) > 0 be the constraints defining667

X. We proceed in the same way as in the proof of Lemma 25. Vieweing p1, q1, . . . , qm as668

polynomials in x3, we factorize to obtain669 
p1(x1, x2, x3) = (x3 − h0

1(x1, x2)) · . . . · (x3 − h0
κ(0)(x1, x2)) = 0

q1(x1, x2, x3) = (x3 − h1
1(x1, x2)) · . . . · (x3 − h1

κ(1)(x1, x2)) > 0
· · ·
qm(x1, x2, x3) = (x3 − hm

1 (x1, x2)) · . . . · (x3 − hm
κ(m)(x1, x2)) > 0

670

where each hi
r is algebraic over Q(x1, x2). We then compute κ(0) semialgebraic subsets671

S1, . . . , Sκ(0) of R2 that have the following properties.672

1.
⋃κ(0)

j=1 Sj = (0, 1)2;673

2. For 1 ≤ j ≤ κ(0), the value of x3 for each (x1, x2) ∈ Sj is equal to h0
j(x1, x2), the jth674

root of p1.675

This will allow us to write676

X =
κ(0)⋃
j=1

{(x1, x2, h
0
j (x1, x2)) : (x1, x2) ∈ Sj}.677

Now it only remains to observe that the unit square and, by Lemma 26, each Sj can be678

parametrized using two parameters and algebraic functions.679
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C Additional Material for Section 4.2680

▶ Lemma 15. Given algebraic functions λ, γ, θ in parameter x, with λ not a root of unity,681

then there is a bound on n ∈ N such that there exists an s ∈ Q with n = θ(s) and λn(s) = γ(s).682

Proof. If θ(x) is constant, then n is uniquely determined. If not, by applying heights we get683

that log(n) = h(n) = h(θ(x)) and by Lemma 5 we get a1, a2, a3, a4 > 0 such that684

a1h(x) − a2 ≤ h(θ(x)) = log(n) ≤ a2h(x) + a3. (5)685

Now we split into the cases where λ is constant or not.686

If λ is constant, then there exists fixed b = h(λ), such that h(λn) = nh(λ) = bn.687

Requiring that λn = γ(x) and using Lemma 5 on the algebraic function γ(x) we obtain688

c3, c4 such that689

bn = h(λn) = h(γ(x)) ≤ c3h(x) + c4 (6)690

Combining Equation (6) and Equation (5) we obtain691

bn ≤ c3h(x) + c4 ≤ c3(log(n) + a2)/a1 + c4,692

which implies:693

√
n ≤ n√

n
≤ n

log(n)694

≤ 1
b

[
c3

a1
+ c3a2/a1 + c4

log(n)

]
695

≤ c3 + c3a2

ba1
+ c4

b
if n ≥ 3.696

697

Thus we bound n:698

n ≤ max
{

3,
(
c3 + c3a2

ba1
+ c4

b

)2
}
.699

We now consider λ(x) not a constant function. Then from Lemma 5 we obtain b1, b2, c3, c4700

such that701

b1h(x) − b2 ≤ h(λ(x)) and h(γ(x)) ≤ c3h(x) + c4702

Using nh(λ(x)) = h(λn(x)) = h(γ(x)) we obtain n(b1h(x) − b2) ≤ c3h(x) + c4 which bounds703

h(x):704

h(x) ≤ nb2 + c4

nb1 − c3
≤ 2b2 + 2c4

b1
if n ≥ max

{
2c3

b1
, 1
}
.705

Finally we bound n using Equation (5):706

log(n) ≤ a3h(x) + a4 ≤ a3

(
2b2 + 2c4

b1

)
+ a4.707

Taken together we have708

n ≤ max
{

2c3

b1
, 1, exp

(
a3(2b2 + 2c4) + a4b1

b1

)}
. ◀709
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Let us now deal with the case where di > 1 and λi = 1. The equations formed by the710

constraints of
(

1 1
. . . 1

1

)n( ũi,di

...
ũi,1

)
=
( ṽi,di

...
ṽi,1

)
describe a set of polynomial equations in711

variable n and coefficients in K:712 {
ũi,1(x) = ṽi,1(x), ũi,2(x) + nũi,1(x) = ṽi,2(x), . . . ,

k∑
i=1

(
n

i

)
ũi,i(x) = ṽi,k(x)

}
.713

Let us consider all such equations formed by Ji such that λi = 1. Clearly ũi,1 = ṽi,1 identically,714

or else there are finitely many s such that ũi,1(s) = ṽi,1(s). Hence, the first equation can715

essentially be dropped. Using the second equation to replace n by (ṽi,2 − ũi,2)/ũi,1 in all716

other such equations gives a collection algebraic function only in x. These functions are717

either identically zero, or have finitely many solutions. If any one function has finitely many718

instantiations of x then we only need to check these instantiations.719

If all of the resulting functions are identically zero, then the system of equations is720

equivalent to the single equation n = θ(x), where θ(x) = ṽi,2(x)−ũi,2(x)
ũi,1(x) . We can first verify721

whether the range of θ(x) over x is bounded. If it is, test every integer n in the range (by722

Proposition 8).723

In the remaining case, θ(x) is unbounded, so there is a solution to n = θ(x) for every724

large n. If this is the only equation, we are done (and the answer is yes). Alternatively725

there is some other constraint, which we can take from the bottom row of some different726

Jordan block: λj(x)n = γj(x). We can assume λj not a root of unity because the only root727

of unity was 1, for which all of the constrains are encoded in n = θ(s). We can now apply728

the following lemma, which places a bound on n when n appears both linearly and as an729

exponent w.r.t. algebraic functions:730

Again we have an instance of Lemma 15 bounding n that need to be checked.731

D Additional Material for Section 5732

We complete the proof of Lemma 9:733

▶ Lemma 9. Let λ1, . . . , λt be algebraic functions in K and rank⟨λ1, . . . , λt⟩ ≥ 2. Given734

algebraic functions γ1, . . . , γt in K, then it is decidable whether there exist (n, s) ∈ N × R \ E735

such that736

λi(s)n = γi(s) for all i = 1, . . . , t. (2)737

To do this, we prove Lemma 17, and prove the remaining cases of Subsection 5.2.738

D.1 Proof of Lemma 17739

In this part we complete the proof of Lemma 17. First we recall some notions from algebraic740

number theory. Most of the results appear in standard text books on the topic such as [?],741

but an accessible account sufficient for our purposes can be found in [?]. An algebraic integer742

is an algebraic number with monic minimal polynomial in Z[x]. Let K be a finite extension743

of Q, and consider the set OK of algebraic integers in K. The set OK forms a subring of K,744

the so-called ring of integers of K. The ideals of OK are finitely generated, and they form a745

commutative ring. An ideal P ̸= [1], [0] (here [α] is the principal ideal generated by α) is746

called a prime ideal if P = IJ , for some ideals I, J , implies that either I = [1] or I = P .747

Each ideal I ̸= [0] of OK can be represented as a product of prime ideals: I = P k1
1 · · ·P kt

t ,748

ki ≥ 0, and is unique up to the ordering of the prime ideals in the product.749
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For a prime ideal P we define the valuation νP : OK \ {0} 7→ N as follows: for α ∈ OK ,750

α ̸= 0 and [α] = P k1
1 · · ·P kt

t , where each Pi is a prime ideal, we set νP (α) = ki if P = Pi,751

and νP (α) = 0 if P ̸= P1, . . . , Pt. By convention we set νP (0) = ∞. The valuation νP can752

be extended to the whole number field K by noting that if α is not an algebraic integer,753

then there exists m ∈ N, m ≥ 1, such that mα = α1 is an algebraic integer. In this case we754

define νP (α) = νP (α1) − νP (m), and it can be shown that this is well-defined (i.e., does not755

depend on the choice of α1 and m).756

We need the following properties: for α, β ∈ K, and P a prime ideal of OK ,757

νP (αβ) = νP (α) + νP (β).758

νP (α+ β) ≥ min{νP (α), νP (β)}.759

If νP (α) < νP (β) then νP (α+ β) = νP (α).760

If α /∈ OK , then there is a prime ideal P such that νP (α) ̸= 0. Furthermore, such a prime761

ideal can be found effectively.762

We shall employ a version Baker’s theorem as formulated in [?]:763

▶ Theorem 27 (Baker and Wüstholz). Let α1, . . . , αt ∈ C \ {0, 1} be algebraic numbers764

different from 0 or 1, and let b1, . . . , bt ∈ Z be integers. Write Λ = b1 logα1 + . . .+ bt logαt,765

where log is any branch of the complex logarithm function.766

Let A1, . . .At, B be real numbers larger than e such that h(αi) ≤ Ai, and |bi| ≤ B for767

each i. Let further d be the degree of the extension field Q(α1, . . . , αt) over Q.768

If Λ ̸= 0, then769

log |Λ| > −(16td)2(t+2) logA1 · · · logAt logB.770

As a straightforward consequence we have the following771

▶ Corollary 28. For algebraic numbers µ and ζ of modulus 1 with µ not a root of unity, we772

have |µn − ζ| > a/nb for all large enough n and for some effectively computable constants773

a > 0 and b ∈ N depending on µ and ζ.774

For a proof, see [?, Cor. 8 of Extended Version].775

We shall also employ a p-adic version of Baker’s theorem proved by K. Yu [?]. We employ776

a version which follows from a version stated in the introduction of K. Yu [?] (for definitions,777

we refer to [?]):778

▶ Theorem 29. Let α1, . . . , αt (t ≥ 1) be non-zero algebraic numbers and K be a number779

field containing α1, . . . , αt, with d the degree of the extension. Let p be a prime ideal of OK ,780

lying above the prime number p, by ep the ramification index of p, and by fp the residue class781

degree of p. For α ∈ K. Let b1, . . . , bt ∈ Z, and assume that Ξ := αb1
1 · · ·αbt

t − 1 ̸= 0. Let782

further hj = max(h(αj), log p) for j = 1, . . . , t. Let B = max{|b1|, . . . , |bt|, 3}. Then783

νp(Ξ) < 19(20
√
t+ 1d)2(t+1)et−1

p · pfp

(fp log p)2 log(e5td)h1 · · ·ht logB784

All the above values are effectively computable given the numbers α1, . . . , αt. We have a785

straightforward corollary:786

▶ Corollary 30. Let µ and ζ be algebraic numbers of modulus 1 and assume µ is not a root787

of unity. Let K = Q(µ, ζ) and p be a prime ideal of OK . Then νp(µn − ζ) < C logn as788

n → ∞ for some effectively computable constant C that depends on p, µ and ζ.789

Proof. We have νp(µn − ζ) = νp(ζ) + νp(µnζ−1 − 1). Since µ is not a root of unity, the790

height of µn increases linearly in n. ◀791
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We now recall and prove Lemma 17:792

▶ Lemma 17. Suppose λ1, λ2 are constant, not roots of unity, multiplicatively independent,793

and that γ1, γ2 are non-constant functions. Then the system λn
1 = γ1(s), λn

2 = γ2(s) has only794

finitely many solutions.795

Proof. Let the minimal polynomials of γ1 and γ2 be P1 and P2 with Pi ∈ Q[x, yi]. Eliminating796

x from these polynomials we get a non-zero polynomial P ∈ Q[y1, y2]. For points α1 = γ1(s0)797

and α2 = γ2(s) we have P (α1, α2) = 0. We are interested in those n ∈ N for which798

P (λn
1 , λ

n
2 ) = 0. The sequence (un)∞

n=0, with799

un = P (λn
1 , λ

n
2 ) =

∑
k,ℓ

ak,ℓ(λk
1λ

ℓ
2)n, (7)800

ak,ℓ ∈ Q, is a linear recurrence sequence over Q. We wish the characterise those n for which801

un = 0.802

We first consider the case that |λ1| and |λ2| are multiplicatively independent, that is,803

|λi
1λ

j
2| ≠ 1 for all i, j ∈ Z.804

▷ Claim 31. If |λ1| and |λ2| are multiplicatively independent, then there exists an effectively805

computable n0 ∈ N such that un ̸= 0 for n ≥ n0.806

Proof. There is a unique pair k, ℓ, with λk
1λ

ℓ
2 dominant in modulus. Then (un)n has a unique807

dominant characteristic root, and hence there are only finitely many n for which un = 0.808

Indeed, |un| grows as |ak,ℓ||λk
1λ

ℓ
2|n + o(|λk

1λ
ℓ
2|n), and so un ̸= 0 for all n ≥ n0 for some n0.809

Now n0 can be clearly computed using the closed form expression (7) of un. ◁810

In case the assumption of the above lemma holds, the problem becomes decidable using811

Proposition 8 for n ≤ n0.812

In the remainder of this section we assume that |λ1| and |λ2| are multiplicatively dependent.813

In fact, we may assume that |λ1| = |λ2|: We have |λ1|i = |λ2|j for some i, j ∈ Z. By814

considering the equations (λi
1)n = γ1(s)i, (λj

2)n = γ2(s)j instead, we may assume that815

|λ1| = |λ2|; let α = |λ1| = |λ2|. We shall show that the new system of equations admits816

finitely many solutions, and hence so will the original system.817

▷ Claim 32. If α ̸= 1, then there exists an effectively computable constant n0 ∈ N, such818

that un ̸= 0 for all n ≥ n0.819

Proof. We may assume that α > 1 by inverting the equations if necessary. Write P (x, y) =820

H(x, y) +G(x, y) such that H comprises the maximal (total) degree d monomials of P (and821

is thus homogeneous), and write λ1 = αu, λ2 = αv, where |u|, |v| = 1. Now H factors into822

complex lines as it is homogeneous: H(x, y) =
∏

i(aix+ biy), ai, bi ∈ Q, so that H(x, y) = 0823

if and only if aix+ biy = 0 for some i. We now have824

|H(λn
1 , λ

n
2 )| = (αd)n|H((u/v)n, 1)|.825

We are assuming, in particular, that λ1/λ2 is not a root of unity. We have aiλ
n
1 +biλ

n
2 = 0826

for finitely many n and thus H(λn
1 , λ

n
2 ) vanishes only for finitely many n. Clearly if |bi/ai| ≠ 1827

(or either ai or bi is zero), the term aiλ
n
1 + biλ

n
2 does not vanish, and is bounded below828

in modulus by a constant (for large n). Assume then that bi/ai has modulus 1. Then829

|aiλ
n
1 + biλ

n
2 | = |ai||(λ1/λ2)n + bi/ai|. Applying Corollary 28 we have, for all large enough n830

and for each i, |ai||(λ1/λ2)n + bi/ai| > a/nc where a and c are constants depending on γ1, γ2,831

and bi/ai. It follows that for all n large enough |H(un, vn)| > c2/n
A for some computable832

c2, A. We deduce that |P (λn
1 , λ

n
2 )| = D(αd)n/nA + O(α(d−1)n) for some non-zero constant833

D. Again we have an effectively computable n0 after which no solution can occur. ◁834
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Again, we may invoke Proposition 8 to search among the finitely many n which witness a835

zero in (un)n.836

Moving along, we consider the case α = 1.837

▷ Claim 33. Assume that α = 1 and λ1 is an algebraic integer. Then the conclusion of the838

above lemma holds.839

Proof. Since λ1 is not a root of unity by assumption, λ1 has a Galois conjugate λ̃ := λ
(i)
1840

(as in the definition of the height of λ1) of modulus larger than 1. By taking σ a Galois841

conjugation in the field extension of Q with the elements λ1, λ2 and the coefficients of the842

polynomials of P such that σ(λ1) = λ̃, by relabelling everything under the conjugation, we843

have an equivalent problem where we assume |λ1| > 1. (In particular, σ(un) = 0 if and only844

if un = 0.) We may thus conclude as in the previous cases. ◁845

To complete the proof of Lemma 17 we assume that that λ1 has modulus 1 and is not an846

algebraic integer. In particular, there exists a prime ideal p, effectively computable, such847

that νp(λ1) ̸= 0. By replacing λ1 by λ2 if necessary, we may assume νp(λ1) > 0. Let now p848

be any such prime ideal. Let us write P (x, y) = xjR(x, y) +Q(y) with Q(y) = C
∏

i(y − βi)849

and j is maximal, so that R(x, y) contains a monomial not involving x. Consequently850

νp(λjn
1 R(λn

1 , λ
n
2 )) = njνp(λ1) + νp(R(λn

1 , λ
n
2 ))851

≥ njνp(λ1) −A1,852
853

where A1 is a constant, and854

νp(Q(λn
2 )) = νp(C) +

∑
i

νp(λn
2 − βi).855

In particular, for n ≥ n0 with n0 effectively computable, we have that the second valuation856

must be proportional to n whenever P (λn
1 , λ

n
2 ) = 0. For non-zero βi, we have by Corollary 30857

νp(λn
2 − βi) ≤ Ci logn for a constant Ci depending on λ2, βi, and p. So if all the βi are858

non-zero, we have an upper bound on n for which equality can hold.859

We conclude that at least one βi = 0. Still, to have valuation proportional to n, we must860

have νp(λ2) ̸= 0 to have arbitrarily large n solving the system. We may repeat this argument861

for all p for which νp(λ1) ̸= 0. Either we get an effective upper bound on n, or νp(λ1) ̸= 0 if862

and only if νp(λ2) ̸= 0. We deduce that λ1 and λ2 sit over the same prime ideals. Now if863

νp(λ1) = i and νp(λ2) = j, consider the equations λn
1 = γ1(s), (λi

2/λ
j
1)n = γi

2/γ
j
1(s) instead.864

Now νp(λi
2/λ

j
1) = 0, while νp(λ1) = i, so that the above argument gives an effective bound865

on n.866

This concludes the proof. ◀867

D.2 Remaining cases of Subsection 5.2868

We first prove Lemma 20:869

▶ Lemma 20. Assume that {λ1, . . . , λt} is multiplicatively dependent modulo constants, but870

is multiplicatively independent. Then there exists a computable constant n0 such that system871

(2) admits no solutions for n > n0.872

We need an auxiliary lemma for this.873

▶ Lemma 34. Consider the equation λ(s)n = γ(s), where neither λ nor γ is constant, and874

let (n, s) be a solution to it. Then either n ≤ n0 or h(s) < C for some constants n0, C,875

depending on λ and γ.876
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Proof. Recall from Lemma 5 that we have877

a1h(s) − a2 ≤ h(γ(s)) ≤ a3h(s) + a4 and b1h(s) − b2 ≤ h(λ(s)) ≤ b3h(s) + b4878

for some effectively computable constants ai, bi > 0. Let n0 = a3/b1, and assume that879

h(s) > max{a2/a1, b2/b1} and n > n0. Then h(λ(s)) ≥ a1h(s) − a2 > 0 and thus880

n(b1h(s) − b2) ≤ h(λ(s)n) = h(γ(s)) ≤ a3h(s) + a4.881

It follows that h(s) ≤ nb2+a4
nb1−a3

which is bounded above by a constant (as a decreasing function882

with limit b2/b1). The claim follows. ◀883

Proof of Lemma 20. Assume that λa1
1 · · ·λat

t = c identically for some c ∈ Q. Then c is not884

a root of unity, as otherwise {λ1, . . . , λt} would not be multiplicatively independent. We885

obtain the equation886

cn = γa1
1 · · · γat

t (s). (8)887

If the right-hand-side is also a constant, then there is only one n for which the equation can888

hold (cn = cm = d implies cn−m = 1), and this n can be effectively computed as an instance889

of the one-dimensional Kannan–Lipton Orbit Problem.890

If it is not constant, then system (2) contains the equation (after relabelling) λ1(s)n = γ1(s)891

with γ1 non-constant. Since at least one of the λj is non-constant, we may assume that both892

λ1 and γ1 are non-constant by considering (λ1λ2(s))n = γ1γ2(s), where λ2 is non-constant,893

if necessary. For any solution (n, s), we have by Lemma 34 either n ≤ n0 or h(s) < Ci894

for some constant n0 ∈ N, Ci > 0. Assuming that n > n0 holds we have the latter bound.895

Now there exists a constant C such that h(γi(s)) < C regardless of whether γi is constant896

or not, applying Lemma 5. Consequently, taking heights on both sides of (8), we see that897

nh(c) =
∑t

i=1 |ai|h(γi(s)) < tmaxi{|ai|}C. It is evident that n is effectively bounded above,898

and the claim follows. ◀899

The remaining cases left from Subsection 5.2 to consider are when λ1, λ2, γ1, γ2 are mul-900

tiplicatively dependent, while λ1 and λ2 are multiplicatively independent modulo constants.901

The proof goes along the proof of Lemma 21.902

▶ Lemma 35. Assume that λ1, λ2, γ1, γ2 are multiplicatively dependent, while λ1, λ2 are903

multiplicatively independent modulo constants. Then there exists a computable constant n0904

such that system (2) admits no solutions for n > n0.905

Proof. Now any multiplicative relation must involve some γi, and without loss of generality906

γa
2 = λa1

1 λa2
2 γa3

1 with a ≠ 0. Let us set c = a3 if a3 ̸= 0 and c = 1 otherwise. We then have907

the equations908

λ1(s)nc = γ1(s)c and λ2(s)na = γ2(s)a = λ1(s)a1λ2(s)a2γ1(s)a3 .909
910

(I.e., if a3 = 0 we keep λ1(s)n = γ1(s)).911

Consider the family of pairs of multiplicative relations a⃗n := (nc, 0,−c) and b⃗n =912

(−a1, na− a2,−a3). Clearly, if the a⃗n and b⃗n are collinear, then n = a/a2. So, save for this913

exceptional n, the the multiplicative relations a⃗n and b⃗n are independent for any n ≥ 1. (For914

the claim, we note we can take n0 ≥ a2/a.)915

Assume first that λ1, λ2, γ1 are multiplicatively independent. Consider the curve C916

defined by these functions (similar to the construction in the proof of Lemma 21), and917
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let C′ be an absolutely irreducible component of it. If the functions are multiplicatively918

independent modulo constants, we conclude, as in the first part of the proof of Lemma 21,919

utilising Theorem 18 for all n ̸= a2/a.920

If the functions are multiplicatively dependent modulo constants, we may apply The-921

orem 19 as in the second part of the the proof of Lemma 21.922

We are left with the case that λ1, λ2 and γ1 are multiplicatively dependent and we have923

γb
1 = λb1

1 λ
b2
2 with b ̸= 0. We again get the equations924

λ1(s)ncb = γ1(s)cb = λ1(s)b1cλ2(s)b2c and λ2(s)nab = λ1(s)ba1λ2(s)ba2γ1(s)ba3925

= λ1(s)ba1+a3b1λ2(s)a2b+b2a3 .926
927

Recall now that λ1 and λ2 are multiplicatively independent. Putting all on one side, we928

get the equations929

1 = λ1(s)ncb−b1cλ2(s)−b2c and 1 = λ1(s)−ba1−a3b1λ2(s)nab−a2b.930
931

Notice that now neither cb nor ab equals 0 according to our choices. Let now a⃗n =932

(ncb − b1c,−b2c) and b⃗n = (−ba1 − a3b1, nab − a2b). The matrix with rows a⃗n and b⃗n has933

determinant quadratic in n. Hence there are at most two exceptional values of n for which934

the vectors are collinear. Otherwise a⃗n and b⃗n are Z-linearly independent. It is evident that,935

save for the at most two exceptional values of n, the multiplicative relations a⃗n and b⃗n are936

Z-linearly independent. Hence for n not an exceptional value, there are finitely many points937

s for which the equations can be satisfied. (Again, for the claim, we may take n0 larger than938

both of the two exceptional values of n.) On the other hand, we may solve the problem for939

the exceptional values of n using Proposition 8.940

Consider again the curve defined by λ1 and λ2 similar to the above, and any of its941

absolutely irreducible components. As λ1 and λ2 are multiplicatively independent modulo942

constants, we may apply Theorem 18 to conclude as above. This concludes the proof. ◀943

E Additional Material for Section 6944

E.1 W.l.o.g. there is a single equation945

s1 s0

λ

γ

λ2
...

λn−2

λn−1 > γ

λn < γ no solution in [s1, s0)

s1 s0

λ

γ

λn λn(s1) < γ(s1)
solution

λn(s) = γ(s)

Figure 1 Cases for λ(s) → 1 as s → s0.

▶ Lemma 22. Suppose rank⟨λ1, . . . , λt⟩ = 1, then whether there is a solution (n, s) ∈ N×R\E946

to λn
i (s) = γi(s) for all i = 1, . . . , t reduces to instances with t = 1.947

Proof. Recall that when rank{λ1, . . . , λt} = 1, we may replace the system of equations with948

a system consisting of one equation λ(s)n = γ(s). The process might involve creating new949

solutions that do not solve the original system. We take care of this problem by showing950

how to recover solutions to the main system from solutions to the single equation system.951
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Assume first that there exists a non constant eigenvalue λ attaining non-real values. Then,952

by assumption, also its complex conjugate λ is an eigenvalue. As rank{λ, λ} = 1, we have953

λa = λ
b with a, b non-zero since neither is assumed to be a root of unity. If a = 1, b = −1954

(or visa-versa) then λ = (λ)−1, hence |λ| = 1
|λ| , thus |λ| = 1.955

If a = b then λa = λ
a = λa, thus λa is real (and so λ2a is positive and real). This case956

was eliminated already by Lemma 13.957

In the remaining a ̸= b and |a| > 1: we get λb+a = |λ|2b, and taking absolute values both958

sides, we get |λ|b+a = |λ|2b, which occurs only when |λ| = 1 identically. Therefore the values959

of λ lie on the unit circle.960

Assume that the system contains also a real-valued function λ1. We similarly have961

λc
1 = λd with c and d not zero. Taking again absolute values on both sides, we have that962

|λ1|c = 1. It follows that λ1 = ±1, and we therefore have λ1 is a constant root of unity. But,963

we may remove such an eigenvalue from the analysis by Lemma 16. We may thus assume964

that either all eigenvalues are real-valued, or are complex-valued with values on the unit965

circle.966

Assume first that all the eigenvalues of the system are real-valued (and not constant967

±1). We show that we may assume there exists a function µ, not necessarily any one of968

the eigenvalues, such that λi = µbi for each i. If there is only one such eigenvalue, there is969

nothing to prove, so assume that there are several. Partition the domain in intervals such970

that in each interval, the λi and γi have constant sign. We first show that we may assume971

they are both positive. Indeed, if in any interval we have λi positive and γi negative, there972

can be no solutions. If λi is negative and γi is positive, then there can only be solutions with973

n even. Therefore, we may replace the equations by λ2
i (s)n1 = γi(s), with n1 ∈ N without974

creating spurious solutions. Here both λ2
1(s) and γi are positive. Similarly, if both λi and γi975

are negative, there can only be a solution for odd n. We may therefore replace the equations976

with λ2
i (s)n1 = γi/λi(s), where n1 ∈ N. No new solutions are created in this process, while977

λ2
1 and γ/λ are both positive.978

We may from now on consider one of the finitely many intervals in the above partition.979

For each pair λ1, λ2, we have λai
1 = λbi

i for some non-zero ai and bi. Recall that we also980

have γai
1 = γbi

i by assumption (otherwise γai
1 (s) = γbi

2 (s) holds for at most finitely many s,981

deeming the problem decidable). Take µ = λ
1/ℓ
1 and η = γ

1/ℓ
1 where ℓ = lcmi(bi). This is982

well-defined as the λi and γi are positive. Then for each i we have λi = λ
ai/bi

1 = µℓi and983

similarly γi = ηℓi , for some integer ℓi. Now any solution of µn(s) = η(s) is a solution to the984

whole system, and it thus suffices to search for solutions for this single equation.985

We then turn our attention to the case of eigenvalues attaining non-real values. As pointed986

out above, the values of the eigenvalues lie on the unit circle. Assume that λ1 is such. Recall987

that for each λi we have non-zero ai, bi ∈ Z such that λai
1 = λbi

i and γai
1 = γbi

i . Partition988

the domain into many finitely intervals according to the points where the non-constant λai
1 ,989

λbi
i , γai

1 , and γbi
i attain the value −1. (If some γi is constant −1 we do not take this into990

consideration when defining the intervals. Also, by assumption none of the λi are constant991

−1 as this is a root of unity). Let Log be the principal branch of the complex logarithm992

function, and for a ∈ N, a ≥ 1, define z1/a := exp(1/aLog z). Notice that the function is993

not continuous for z ∈ C, but in each of the intervals constructed above, the functions λ1/a
i994

are continuous and single-valued. We focus on one of the intervals from now on. We show995

that there exist algebraic functions µ, η, integers ℓi, and bith roots of unity ωi, ω′
i such that996

λi = ωiµ
ℓi and γi = ω′

iη
ℓi for each i. Let ℓ = lcmi(bi) and set µ = λ

1/ℓ
1 and η = γ

1/ℓ
1 . Then997

λ1 = µℓ, γ1 = ηℓ, and µℓai = λai
1 = λbi

i . Similarly ηℓai = γℓi
i . It follows that λ1 = ωiµ

ℓi for998

some ωi a bith root of unity, and ℓi = aiℓ/bi ∈ Z. Indeed, for any s we have λi(s) = ωsµ
ℓi(s)999
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for some bith root of unity ωs. By continuity, ωs is also continuous, and hence is constant.1000

Similarly γi = ω′
iη

ℓi , as desired.1001

The equations are now equivalent to1002

(ωiµ
ℓi(s))n = ω′

iη
ℓi(s) i = 1, . . . , t.1003

Considering the subsequences n = rℓ+m, r ∈ N, for m = 0, . . . , ℓ− 1, we may consider the1004

equations1005

µℓi(s)n = ω′′
i η

ℓi(s), i = 1, . . . , t,1006

where ω′
i/ω

m
i has been combined into ω′′

i , yet another bith root of unity, with ω′′
1 = 1.1007

The solutions to λ1(s)n = γ1(s) are in one-to-one correspondence to the union of the1008

solutions to µ(s)n = ωη(s) where ω ranges over the ℓth roots of unity. Assuming (n, s) is a1009

solution to µ(s)n = ωη(s), we get µℓi(s)n = ωℓiηℓi(s) for each i. We thus deduce that the1010

system of equations has a solution if and only if µ(s)n = ωη(s) for some ℓth root of unity ω1011

such that ωℓi = ω′′
i for each i = 2, . . . , t. It is plain to check whether the ω′′

i satisfy such a1012

relation, so it suffices to characterise the solutions to µ(s)n = ωη(s), ω any one of the ℓth1013

roots of unity. ◀1014

E.2 Real case1015

▶ Lemma 23. Given real algebraic functions λ and γ, it is decidable whether there exists1016

(n, s) ∈ N × R \ E such that λn(s) = γ(s).1017

Proof. For real-valued functions f , g, if f(x) < g(x) for all x in a set E, we use the notation1018

f < g (over E).1019

Let us consider the partition of R \ E into interval subsets S1, . . . , Si, such that for each1020

subset either 0 ≤ |λ| < 1, or |λ| > 1, with the finite set of points {s : λ(s) = 1} excluded1021

and handled separately (recall, by Lemma 13 and Lemma 16 λ is not constant 0 or 1). We1022

will focus on the subsets where |λ| ≤ 1. Given such a subset Si, we only need to consider1023

each interval D ⊆ Si where {s | 0 ≤ |γ(s)| ≤ 1}. The remaining case where |λ| > 1 reduces1024

to our case by considering 1
λn (x) = 1

γ (x). Note that this partition is finite as the function1025

|λ(x)| = 1 at only finitely many points (similarly for |γ(x)| = 1), and these points can be1026

checked explicitly.1027

First let us consider λ constant, and we may assume 0 < λ < 1. Then compute1028

a = infx γi(x) and b = supx γi(x) and decide whether there exists n such that a ≤ λn
i ≤ b.1029

Henceforth, λ is not constant.1030

Whilst we assume |λ(x)| < 1, still |λ(x)| could be arbitrarily close to 1. We first consider1031

the subset of D where this is not the case. Let δ > 0 be a small rational number, and consider1032

the set Sλ(δ) ⊆ D comprising those s such that |λ(x)| < 1 − δ. Then, for each s ∈ Sλ(δ) we1033

have |λn(x)| < (1 − δ)n for all n ≥ 0. In particular, λn(s) tends to 0 exponentially.1034

Similary bounding |γ| away from 0, let S ′
γ(δ′), for δ′ > 0 a small rational number, comprise1035

those points s ∈ Sλ(δ) for which |γ(s)| > δ′.1036

Then, for n larger than log(δ′)/ log(1 − δ), we have |λn| < |γ|, leading to the lemma:1037

▶ Lemma 36. Let δ, δ′ > 0 be fixed small rational numbers. Then there exists nδ,δ′ ∈ N such1038

λn(s) = γ(s) does not have a solution with n ≥ nδ,δ′ and s ∈ Sλ,γ(δ, δ′) = S ′
γ(δ′) ∩ Sλ(δ).1039

Hence, given δ, δ′ and having computed nδ,δ′ , solutions for each n ≤ nδ,δ′ can be found1040

by Proposition 8.1041
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Recall, without loss of generality we assume λ, γ are positive, if necessary by taking even1042

or odd sub-sequences. Hence the remaining cases for s ∈ D \ S ′
γ(δ′), that is when λ(s) is1043

approaching 1, or γ(s) is approaching 0.1044

We will make repeated use of the following immediate consequence of the intermediate1045

value theorem1046

▶ Lemma 37. Given two continuous functions f, g on the interval [a, b] with f(a) < g(a)1047

and f(b) > g(b), there exists s such that f(s) = g(s).1048

and its immediate corollary:1049

▶ Corollary 38. Given two continuous functions f, g on the interval (a, b). One of the1050

following occurs1051

f(x) > g(x) for all x ∈ (a, b), or1052

f(x) < g(x) for all x ∈ (a, b), or1053

there exists s ∈ (a, b) such that f(s) = g(s)1054

Proof. Suppose there exists x, y ∈ (a, b) such that f(x) > g(x) and f(y) < g(y), then on the1055

interval [x, y] ⊆ (a, b) there exists s such that f(s) = g(s). ◀1056

We assume that δ, δ′ are chosen giving interval D \ Sλ,γ(δ, δ′). Let E be one such interval1057

with problematic endpoint s0, that is E = (s0, s1] or E = [s1, s0). We assume we choose δ, δ′
1058

small enough so that λ(x) and γ(x) are monotonic in E. This is because the derivative of an1059

algebraic function is an algebraic function5, and therefore has finitely many roots, thus the1060

function changes direction finitely many times. Furthermore, it is evident that such δ, δ′ are1061

effectively computable.1062

Let us start with the case that λ(x) → 1 as x → s0.1063

First, let us assume there exists b1, b2 such that 0 < b1 < γ < b2 < 1 over E, then since1064

λ(s1) < 1 we have λ(s1)n < b1 for some n (and λ(x)n → 1 > b2 as x → s0). Hence by1065

Lemma 37, there is a solution λn(s) = γ(s) at some point s ∈ E. Clearly n is computable,1066

and we may compute a suitable s for which equality holds.1067

Otherwise we have γ(x) is also approaching 1 or 0 as x → s0. Let us start with 1: It1068

must be the case, by Corollary 38, that either γ < λ or λ < γ in E, otherwise there is a point1069

s such that λ(s) = γ(s) and the answer is yes (in fact, at n = 1). If λ < γ then the answer1070

is no, as λn < λ < γ over E. Hence we must consider λ > γ and so 1 > λ(s1) > γ(s1).1071

Then we can compute n such that λ(s1)n < γ(s1). After this occurs either there exists1072

s such that λ(s)n = γ(s), or λn < γ and so we only need to check every m ≤ n (via,1073

Proposition 8). These two cases are depicted in Figure 1.1074

Now let us assume γ(x) → 0 as x → s0. Similarly we assume monotonicity of λ, γ as1075

x → s0. Again we have λ > γ over E (otherwise λ(s) = γ(s) at some s, answer yes, or1076

λn < λ < γ, answer no). Again we search for n such that λ(s1)n < γ(s1), at which point1077

either there exists s such that λ(s)n = γ(s) or λn < γ over E and hence λm < γ for all1078

m ≥ n (it remains to check each 1, . . . , n manually, via Proposition 8). ◀1079

5 Differentiating the polynomial defining λ implicitly with respect to x, we get a polynomial
P (s, λ(x), λ′(x)). Eliminating with respect to λ(x), we get a polynomial relation with s and λ′(x)
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E.3 Non-real case1080

We prove1081

▶ Lemma 24. Let λ and γ be algebraic functions. Assume λ is not real, non-zero, not a root1082

of unity, and of modulus 1. The equation λ(s)n = γ(s) admits solutions as follows. If γ is not1083

of modulus 1 constantly, then there are finitely many s. If γ is of modulus 1 identically and1084

λ is constant, then there are infinitely many solutions and such a solution can be effectively1085

found. Finally, if λ is not constant, then the equation admits a solution for all n ≥ n0, and1086

n0 is computable.1087

Proof of Lemma 24. Since λ is of constant modulus 1, we are only concerned with points1088

where γ is of modulus 1. If γ is not of constant modulus 1, then there are only finitely many1089

s for which γ intersects the unit circle and only these points need to be checked1090

Assume first that λ is a constant. If γ is of constant modulus 1, then the range of γ1091

defines (possible several) open arcs on the unit circle. The orbit of λ is dense on the unit1092

circle, as it is not assumed to be a root of unity. Therefore, there exist (infinitely many)1093

integers n such that λn hits such an arc. Such an n can be straightforwardly computed, after1094

which the suitable s can be computed. The single equation therefore always has a solution.1095

Otherwise, we may assume that λ and γ define continuous arcs on the circle. Furthermore,1096

we may assume that the arcs do not cross the line (−∞, 0]. (In case γ is constant, it defines1097

a point.) Let us write λ and γ in polar form: λ = exp(iθ), γ = exp(iψ)), where now1098

θ, ψ : D → [−π, π) are continuous, and i is the imaginary unit. The derivative of an algebraic1099

function is algebraic, here it is iθ′(x) exp(iθ(x)). We deduce that θ′(x) is an algebraic function,1100

and the zeros of it may be computed. We may define an interval in which θ and ψ are1101

monotone: they draw continuous arcs on the unit circle and are rotating in one direction1102

with s varying. Compute some approximations θ0, ψ0 of the length of the arcs, and compute1103

n so large, so that nθ0 > 4π + ψ0 (notice that the nθ0 gives an approximation for the length1104

of the arc defined by λn). So, while s ranges over the interval, the arc of λn winds around the1105

unit circle at least twice. By the intermediate value theorem there must be a point at which1106

λn(s) = γ(s). To see this, map the progress of the arc onto the real line. Let the endpoints of1107

the interval be s0 and s1. Assume θ(s0) < ψ(s0) ≤ θ(s0) + 2π (if not, add integer multiples1108

of 2π to ψ(s0)). Now nθ(s1) ≥ θ(s0) + 4π ≥ ψ(s0) + 2π > ψ(s1). Consequently, by the1109

intermediate value theorem, there must be a point where the values nθ and ψ coincide, as1110

they are continuous functions. ◀1111
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